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CS| Abstract 

^ We evaluate combinatorially certain connection coefficients of the symmetric group that 

count the number of factorizations of a long cycle as a product of three permutations. Such 
factorizations admit an important topological interpretation in terms of unicellular constellations 
on orientable surfaces. Bijective computations of these coefficients are so far limited to very 
special cases. Thanks to a new bijection that refines the work of Schaeffer and Vassilieva in [T6] 

V_ ' and |17j . we give an explicit closed form evaluation of the generating series for these coefficients. 

w' The main ingredient in the bijection is a modified oriented tricolored tree tractable to enumerate. 

Finally, reducing this bijection to factorizations of a long cycle into two permutations, we get 
the analogue formula for the corresponding generating series. 
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1 Introduction 



1.1 Generating series for connection coefficients 

In what foUows, we denote by A h n an integer partition of n and i{X) = k the length or number 
of parts of A. 

Let Sn be the symmetric group on n elements, and Cx be the conjugacy class in Sn of per- 
mutations with cycle type A, where A h n. Given X^^\ X^'^\ . . . , X^'^\ fi h n, let Aj^^^j ^^^j be the 
number of ordered factorizations in Sn of a fixed permutation 7 G C;^ as a product ai • • • of r 
permutations G C^^(i) . These numbers are called connection coefficients of the symmetric group. 
The problem of computing these coefficients has received significant attention and its history and 
references can be found in [9]. We focus on the cases k^ ^ and k^ ^ ^: i.e. when r = 2 and 3, = [n] 
and 7 is the long cycle 7n = (1, 2, . . . , n). 

In addition, for A h n, we use the monomial symmetric function mx{x) which is the sum of all 
different monomials obtained by permuting the variables of x^^Xg^ • • • , and the power symmetric 
function pa(x), defined multiplicatively as px = pxiP\2 " " " where Pn(x) = m„(x) = x". Also, if 
nj(A) is the number of parts of A that are equal to i so that A = 2"^^'^), . . .], let Aut{X) = 

Our combinatorial results can be stated as follows: 

Theorem 1. The numbers k^^^^ of factorizations of the long cycle 7„, into an ordered product of 
three permutations of types A, /i, and v respectively satisfy: 

^]2^{"-l) 

Yl '^\,ii,uPxi^)Pi^iy)P<^i^) = Yl I n-i N/n-fw^n-i s wiA(x)m^(y)mt.(z), (1) 



where 



M. 



(n-i) _( \ '^( n-l{ji) \^(n-l{v)\(n-l- g\ 



Corollary 1. |g/ 



We will see in Section [2] that the coefficients on the right hand sides of ([T]) and ^ are non- 
negative integers. 

Remark 1. Equations ([T]) and ^ can be obtained algebraically using the irreducible characters of 
the symmetric group, the Murnaghan-Nakayama rule, and symmetric function identities (see lll^ )- 
Here, we derive these equations through bisections. 

1.2 Background 

In the setting of the connection coefficients , we define the genus g(A*^"'^-*, . . . , A^*"^) of the 

partitions A^*^ by the equation 

^(A«) + • • • + £(AW) = (r - l)n + 1 - 2g(A(i), • • • , A^). 

We can take g to be a non-negative integer, since otherwise it is easy to show that fc^j^) ^(^) = 0. 
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Regarding the evaluation of A:"^, using an inductive argument Bedard and Goupil [T] first found 
a formula for the case g(A, //) = 0. This was extended by Goulden and Jackson [6] to evaluate 
^A(i) aW ^^^^ E,i-^^^\ ■ ■ ■ 1 ^^^^) = via a bijection with a set of ordered rooted r-cacti 

on n r-gons. Later, using characters of the symmetric group and a combinatorial development, 
Goupil and Schaeffer [9] derived an expression for connection coefficients of arbitrary genus as a 
sum of positive terms (see Biane [3] for a succinct algebraic derivation; Poulalhon and Schaeffer 
|15) and Irving [10] for further generalizations). Recently, Chapuy [4J and [5j found a remarkable 
combinatorial identity for Ylx fi e{x)=a e(tM)=b^\ /i identifying 2g special elements in the cycles, 
called trisections, and slicing the cycles at these to obtain lower genus factorizations of the long 
cycle. 

Interestingly, if the permutations are associated to set partitions that refine the partitions 
induced by the disjoint cycle decomposition {i.e. we color the cycles allowing repeated colors), 
then explicit direct bijections and closed expressions are attained (see Lass [13], Goulden and Nica 
[8] , and Bernardi |2] ) . In this paper we follow this approach and introduce the notion of partitioned 
tricolored (bicolored) 3-cacti (maps) of given type, refining the work of Schaeffer and Vassilieva in 
[16j and and use a purely combinatorial argument to derive the explicit generating series for 
^Xfii/ ^Xfi Equations ([l]) and ^ respectively. 

1.3 Outline of paper 

The paper is organized as follows: in Section [2] we introduce the partitioned 3-cacti and the thorn 
cactus trees (the enumeration of the latter is postponed to Section]!]) and relate them via a bijection 
O described in Section [3) Finally, in Section [5] we prove Corollary [T} 

2 Combinatorial reformulation 

2.1 Cacti and partitioned cacti 

Factorizations in the symmetric group counted by fc" ^ admit a direct interpretation in terms of 
3-cacti {i.e. unicellular 3 -constellations) with white, black, and grey vertices of respective degree 
distribution A, /x, and u. Within a topological point of view, 3-cacti are specific maps (graphs 
embedded in oriented surfaces defining a 2-cell decomposition of this oriented surface into a finite 
number of vertices, edges, and faces homeomorphic to open discs; see [12] for more details about 
maps and their applications) with one white face and n black faces, such that all the black faces are 
triangles that do not share edges. Each triangle is composed of exactly a white, a black, and a grey 
vertex following each other in clockwise order. Each white, black, or grey vertex corresponds to a 
cycle of ai, 02, or 03 respectively, and the cycle is encoded by the local counter-clockwise order of 
the triangles the vertex belongs to. 

The degree of a vertex in a cacti is the number of such triangles, and the degree distribution 
of the vertices of a given color is the partition of n formed by the degrees of all the vertices of this 
color. The fact that aia2Q.2 = 7n corresponds to saying that traversing the map starting on the 
white vertex of the triangle labelled 1 and keeping the unbounded face on the right we visit, in 
order, the white-black edges belonging to triangles 1, 2, . . . , n. Figure 1 shows a 3-cactus embedded 
on the sphere (genus 0) and a 3-cactus embedded on a torus (genus 1). 
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Figure 1: Two examples of cacti embedded in a surface of genus (left) and genus 1 (right) 



Example 1. The cactus on the left hand side in Figure 1 can be associated to the three permutations: 

ai = (1)(24)(3)(5) (3) 
a2 = (1)(23)(45) (4) 
as = (15)(2)(3)(4) (5) 

The type of this cactus is X = [1^,2^], = [1^,2'^], u= [1^,2^]. 

The cactus on the right hand side corresponds to the three permutations: 

ai = (1236)(4)(5) (6) 
a2 = (153)(2)(4)(6) (7) 
as = (134)(2)(5)(6) (8) 

The type of this cactus is X = ^ = [1^,3^], i' = [1^,3^]. 

Partitioned 3-cacti 

Cacti with a given vertex degree distribution are in general non-planar and non-recursive objects, 
and no direct bijection is known to compute their cardinality. However, we provide an interpretation 
of the formal power series ^x^^^u\-n^x,/i,uP>^(^)PfJ-iy)P 

generating function for partitioned 
cacti. Introducing a new bijective mapping for partitioned cacti, we are able to give an explicit 
formula for this generating function. 

To define partitioned cacti we use vr to denote a set partition of [n] = {1, 2, . . . , n} with blocks 
{vr^, . . . ,7rP}. The type of a set partition, type{7r) h n, is the integer partition of n obtained by 
considering the cardinalities of the blocks of vr. We are now ready for the definition: 

Definition 1. (Partitioned 3-cacti) For X, ^, v \- n, we let C{X,fi,iy) be the set of partitioned 
3-cacti (vTi, 7r2, vrs, ai, 02) composed of set partitions vri,7r2, and vrs with respective type X, fi, and v; 
and permutations ai,a2 G Sn such that: 

• each block o/vri is the union of cycles of ai, 

• each block of tt2 is the union of cycles 0/02, 

• each block o/vrs is the union of cycles of = a^^ o ot^^ o 

(i) (i) (k) (i(X)) 
The blocks of 111,^2, and tt-^ are denoted irj^ , , tt^ with the only restriction that 1 G vr]^ . Let 

C{X,fi,u) = \C{X,fj,,u)\. 

Note that in terms of factorizations, partitioned cacti can be viewed as ordered factorizations 
of 7n where we label the cycles of permutations, using distinct sets of labels for each permutation. 
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allowing repeated labels within the permutation. Then the parts of A are the number of elements in 
[n] belonging to cycles of ai with the same label. An equivalent statement holds for /x and u. From 
a topological point of view, partitioned cacti can be seen as 3-cacti encoded by the permutations 
ai,a2, and as whose vertices of each color are partitioned. These partitions of the vertices are 
encoded by the set partitions of [n] tti , 7r2 , and vra respectively. 

Example 2. Take the cactus on the right hand side of Figure land add partitions vri = {tt\^'' , vr[^^}, 7r2 = 

TTs = {4^\4'\7rf }, where tt'^'^ = {4,5}, = {1,2,3,6}; = {1,3,4,5}, vrf = 

{2,6}; Tri^^ = {1,3,4,6}, vTg^'' = {2}, tt^^ = {5}. This gives a partitioned cactus {tti, 112, its, ai, 02) G 
C{[2^,4}], [2\4^], [1^4l]) depicted in Figure\^ Similarly to fl^, we associate a particular shape to 
each of the blocks of the partitions. 




Figure 2: Example of a Partitioned 3-Cactus 



Link between cacti and partitioned cacti 

Consider the partial order on integer partitions given by refinement. That is A ^ /i if and only if 
the parts of fj, are unions of parts of A, and we say that fi is coarser than A. If A ^ /i let R\,fM be the 
number of ways to coarse A to obtain /x. For example, if A = [1^, 2^] and ^ = [1, 2, 3] then Rx,ij, = 4. 

Remark 2. If m = i{X) and p = £{fi) then -Ra,^ is equal to the number of unordered partitions 
vr = {vr^, . . . , vr^} of the set [m] such that fij = Ylie-Ki f^''" ^ ^ J ^ P- Therefore, for the monomial 
and power symmetric functions, mx and px, we have: px = X^^^a t^^> Prop. 7. 7.1]. 

We use this partial order on integer partitions to obtain an immediate relation between C(A, /x, u) 
and kl^ ,^. 

Proposition 1. For partitions p,S,€\- n we have : 

C{p,6,e)= RxpR^sRuekl^,,. (9) 

Proof. Let (vri, 712, vrs, ai, 02) £ 5, e). If ai E Ca, 0.2 S C^, and 03 = a2^a|f"'^7„ G C^, then by 
the definition of the partitioned cacti, we have that type{'Ki) = p ^ A, type{TT2) = S ^ p, and 
type{'K^) = e'^v. Thus, if we further refine C(/3, 5, e) by the cycle types of the permutations, i.e. if 

Cx,^l,v{p,^,() = {(tti, 7r2,7r3, 01,02) G C{p,5,() \ (oi, 02, "2 ^"rWn) G Ca x x Cp], 
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then C{p,S,e) = ljx^p,^,^5,,y:<e^Kf^,'^(P^^^^) where the union is disjoint. Finahy, if Cx,f,,„{p, 6, e) = 
\Cx,^,,u{p, (5, e)| then it is easy to see that Cx,f,,u{P: e) = RxpR^^sRuek^^ ^,. □ 

Using p\ = RxpTUp Proposition [T] is equivalent to: 

X] ^A,/.,z/PA(x)p^(y)Pi.(z) = ^ Aut{\)Aut{p)Aut{v)C{\,p,u)mx{y^)m^{y)m^{2). (10) 

X,p,u\-n X,p,v\-n 

Remark 3. Let (vri, 7r2, vrs, qi, 02) G C(p, 5, e) mi/i £(p) + £(5) + ^(e) = 2n + 1, and 03 = 03 ^a5~^7- 
If ai G Ca; 02 e C^, 03 G C,,, then £{X) + t{p) + = 2n + 1 - 2g(A,^,z^) < 2n + 1. -Bwi 
^(A) > l{p), i{p) > £(6), and > £{e) therefore X = p, p, = 5, and v = e; and tti, Tr2, and n-^ 
are the underlying set partitions in the cycle decompositions 0/01,02, and 03 respectively. In this 
case, C{\,p,v) = k"^^^^^ (g{X,p,u) = 0) and this genus zero coefficient is " Ai7(AM»i(V)AifH^~'^^' 
as shown in /(5, Thm. 2.2]. 



As mentioned before, exphcit computation of the right hand side of equation (10) is made 
possible thanks to a new bijective description of partitioned cacti of given type. Partitioned cacti are 
indeed in one-to-one correspondence with particular sets of thorn cactus trees (and three additional 
simple combinatorial objects), which are recursive planar objects one can compute with classical 
methods. Next we gradually define such trees. 



2.2 Thorn cactus trees 

Let T{pi , P2 5 Ps) be the set of rooted tricolored trees t with pi white vertices, p2 black vertices, and ^3 
grey vertices such that: (i) the root of t is a white vertex, (ii) a white vertex has black descendants, 
(iii) a black vertex has grey descendants, and (iv) a grey vertex has white descendants. 

Given a tree t G T{pi,P2,P3), take a vertex u and one of its descendants v. We allow adding an 
edge between u and the rightmost descendant of v, say vertex w. Whenever this happens, we say 
that there is a triangle rooted at u, and the additional edge {u,w} is called a non-tree edge. The 
vertex v, opposite to a non-tree edge, is called a middle vertex. The tree t with these triangles is 
called a cactus tree. More specifically: 

Definition 2 (Cactus Tree). Let CT{pi,P2,P3, g,w,b) be the set of rooted cactus trees t consisting 
of an underlying tree t G T{pi,P2,P3) and in addition t has: g triangles rooted in a grey vertex, w 
triangles rooted in a white vertex, b triangles rooted in a black vertex such that: 

(v) triangles are composed of a white, a black, and a grey vertex. The vertices are ordered clockwise 
cyclically as white-black- grey- white. 

Lastly, we consider a related set of cactus trees with thorns or half edges on some of its vertices: 

Definition 3 (Thorn Cactus Tree). Let CT{pi,P2,P3, g,w,b) be the set of rooted thorn cactus 
trees f consisting of an underlying cactus tree r G CT{pi,p2-,P3, g-,w-,b), and in addition it has: 
n + \ — pi — P2 + g thorns connected to white vertices, n — p2 — ps + w thorns connected to black 
vertices, and n-\-l — pi — p^ + b thorns connected to grey vertices. The only restriction for the 
thorns is: 

(vi) thorns cannot be inside a triangle of the cactus. 

We are interested in the degree distribution of the white, black, and grey vertices of the cactus 
trees. Where we define the degree of a vertex v to be: 

deg{\j) = c + t- £+1, (11) 



6 



where c is the number of descendants, t is the number of thorns, and e is 1 if v is the middle 
vertex of a triangle and is otherwise, i.e. it is the standard degree of the vertex, including the 
thorns but not counting incident non-tree edges, and subtracting one if v is a middle vertex. With 
this definition of degree, we consider the set CT(A, fi, v, g, w, b) where X, l- n are the degree 
distributions of the white, black, and grey vertices respectively. Clearly, 

CT{pi,p2,P3,9,w,b) = (J CT{X,n,v,g,w,b). 

i{X)=pi,e{fj.)=p2/{u)=p'j, 

Example 3. The thorn cactus tree in Figure\^belongs toCf{[l'^,2^,A^], [l'^,3^,A^], [1^,22, 3^], 1, 1, 1) 



Figure 3: Example of a Thorn Cactus Tree 



Proposition 2. The number of thorn cactus trees is: 

{e{x) - i)!(£(/i) - i)mu) - 1)! {g{w - e{u)) + e{fi)e{^)) 



\CT{X,fj,,i^,g,w,b)\ = n 



Aut{X)Aut{iJ,)Aut{u) (n - ^(A) - £{n) + g + I) 
n-i{X) \/ n-£{fi) \/ n-e{u) 
,w, £{fi) -g-w) [b, i{u) -w-b) \g, £{X) -1-g-b 



(12) 



The proof of this proposition is postponed to Section [4j 



2.3 Reformulation of the main theorem 

Let CPr™^ be the set of all ordered r-subsets of [m]. By definition lOvi™'^] = {m)r = m{m 
1) • • • (m — r + 1). We have the following proposition: 



Proposition 3 

\ " \rn'(\ ,, ^ AM ic lie I 

e{u)-w-b 



C{X,n,u)= ^ \CT{X,fi,u,g,w,b)\\Sn+i-e(x)-e{u)+b\\Sn-e{f,)-e(u)+w\\0'Pf^'^ ^^^^ <^M+9)\ 



g,w,b>0 

(13) 

Proof. Note that C{X,fi,u) = AutiX)Aut{„)Aut{^) (.(^^J (.(^j! J (.(^IJ ^WM/M ' 
simplifications on the binomial coefficients, a summand in the RHS of Equation (13) reduces to: 

{n - ly.Hiipyji^) + g{w - iju))) / n \ 

G(a7-i) im-i) {,Jl]\)AutiX)Autiii)Aut{u) \w, g, 6, £{X) - I - g - b, £{ii) - g - b, £{u) -w-b) 
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Then we sum over g, w, and b the terms depending on these parameters. Arranging properly 
the terms depending on w and b, and simpUfying sums on these two parameters thanks to the 
Vandermonde's convolution formula, we obtain: 



n 



\w, g, b, i{X) -1- g-b, i{p) - g-b, l{v) - w 



n 



/ n-l(^) \fn-l{y)\(n-l-g\ 
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Which leads directly to the desired result. □ 
Combining Proposition [s] and Equation (10), Theorem [l] reduces to: 



Theorem 2. There is an explicit bijection @x^i, between partitioned 3-cacti in C{X,fi,i') and 
tuples {f,ai,a2,x) where f G CT{X, g,w,b), ai G Sn+i-e{x)-e{u)+b, <^2 G Sn-e(f,)-e{u)+w, and 
X G for some g,w,b> 0. 

The next section is devoted to proving this theorem by describing the bijection Q^fi v 

3 Description of the bijection 

3.1 Additional definitions 

Before we get to the description of we need two additional ingredients. 

Definition 4 (reverse level traversals (RLT)). For trees f G CT{X, fi,!^, g,w,b) (or for r G 
CT{X, g,w,b)), we define the white Reverse Levels Traversal (RLT) as the traversal going 
through all the white and black vertices, and all the thorns connected to a white vertex in f in the 
following order: 

(i) the descendants (either black vertices or thorns if any) of the leftmost white vertex of the top 
white level are traversed from left to right, 

(a) then the leftmost white vertex of the top white level is traversed, 

(Hi) if i white vertices (1,. . . ,i) (1 being the leftmost) of white level j (j > 1) have been traversed 
and there is a white vertex i + 1 at level j on the right of i, the descendants of i + 1 are 
traversed, then vertex i + 1 is traversed. Otherwise, the descendants of vertex 1 of white level 
j — 1 are traversed, followed by the white vertex itself. 

(iv) The root vertex is the last to be traversed. 

The black RLT is defined similarly with respect to black and grey vertices, except that the 
rightmost black descendant of the white root is the last vertex to be traversed. Similarly, the grey 
RLT is defined with respect to grey and white vertices, except that the last vertex to be traversed 



is the rightmost grey descendant of the last black vertex traversed in the black RLT. Figure 3.1 
depicts the three RLT for the cactus tree in Example [3j 

Definition 5 (Partial permutations). Given two sets X and Y and a non negative integer m, let 
VV{X, Y, m) be the set of bijections from any m-subset of X to any m-subset ofY These bisections 
are called partial permutations. Then \VV{X,Y,m)\ = ('m') ('m 
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Figure 4: White, black, and grey RLT on the cactus tree of Example [3] 



3.2 Bijective mapping for 3-cacti that preserves type 

We proceed with the description of 0: 

Within the construction, we use 

{pi,P2,P3) ■.= {£{\),i{fi),e{u)). 

3.2.1 The ordered thorn cactus tree f: 

Let (vTi, 7r2, vTa, ai, 02) G C(A,/i,z^). We construct the ordered tricolored thorn cactus tree f G 
CT(A, fi, u, g, w, b) following the procedure below. 

(i) cactus tree: The first step is to construct the unlabelled tricolored cactus tree r and relabelling 
permutations in the same way as in |T7|: Let vrp^ for i = 1, 2, 3 and j = 1, . . . ,pi he the blocks 
of the partitions vrj. Also, let rrig"'^ (1 < j < P2) be the maximal element of ^('^2"'^) 
and for i = 1,3 (1 < j < Pi) be the maximal element of the block tt^^ We assign the 
index pi to the block of vri containing 1, and suppose that the indexing of the other blocks is 
arbitrary. We first construct the last passage 3-colored labelled tree T with pi white, p2 black, 
and p3 grey vertices satisfying: the root of T is white vertex pi and the incidence relations 
and order of descendants are given in Table [T] 

Lemma 1. The procedure above defines a labelled 3-colored tree T. 

Proof. Assume that a non root white vertex ii is a descendant of grey vertex k, that is 
in its turn a descendant of black vertex j. Suppose now that j is a descendant of white 
vertex i2- Following our construction rules, we have m^*^^ G so that m^*^^ < 

Then mij^^ < m2''^ as m^^^ G a'^^{7r2^) = o a^^(7r2"''*)(7r2 is stable by 02)- Finally, as 

"2 o a3(m?'''^) e vrf'\ 7("^?^) = ai o 02 o 03(7712^^'^) G ai(7rf^^) = vrf^^ and 7(m?^'^) < mf'\ 
Two cases can occur: 

— 7772*'"'^ 7^ N then 7(7772''"'^) = 7772^'''' + 1 < m^^^^\ As a direct consequence, 777^*^"* < m^^^^ 

— 7772^"'^ = N and 7(7712^''^) = 1 G 7r[*^\ As a direct consequence, 12 is the root vertex. 
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Incidence relations 


Order of descendants 


for l<j<pi 




'A 


j'l * # J2 

Y 


ifm*'€a3-iQj'(irS'>) 


if a2a3(?TT''2'^'^) < 0203(771'^-'^^) 


for l<j<p3 


/ci t # ^2 


J • 

if £03^4^-)) 


V 

■t -1 -1 / ^ -1 -1 / (*:2)\ 

if a2 a3(m3 ) < c^sl^^s i 


for l<i<pi — 1 


if ""^^^ 


if G vrf ^ 


ifa3-nm^))<a3-i(m^)) 



Table 1: Incidence relations of tree T. 



Rules for adding triangles 


for l<j<pi — 1, 1<J<P2 

if a2a3(mf)) =mP 


for 1<J<P2, l<fc<P3 

i 

if 03 "^Og ^03(7^3 ^) = m'2"''' 
(i.e. a3(mf ^) = a2a3(m'^-'^)) 


for l<fc<p3, l<i<pi — 1 

J 

if 03 (m]^ j = mg 
(i.e. m[*^ = a3(m3'^'')) 



Table 2: Rules for adding non-tree edges to T. 



Using a similar argument, one can show that if black vertex ji (resp. grey vertex ki) is on 
a descending branch of black vertex j2 (resp. grey vertex ^2), then 1112'^'^ < m2^'^ (resp. 
m!"^^^ < mg'^^^). Consequently, the white, black, and grey vertices' labels on each branch of 
the graph are strictly increasing and the last vertex of the branch is always the root vertex 
(by convention, the block containing 1). □ 

We construct the labelled 3-colored cactus tree T from T by adding non-tree edges and 
forming triangles rooted at the different vertices following the rules in Table [2| 

Finally, we remove the labels of T to obtain a 3-colored ordered cactus tree r. 

Example 4. The construction of T , T, and r for the partitioned cactus in Example is 
depicted in Figure^ 

(ii) Relabeling permutations: These permutations 01,02, and ^3 are defined by considering the 
reverse labelled cactus tree T' resulting from the labeling of r, based on three independent 
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Figure 5: Tricolored tree and Cactus trees associated to Example [2] 



reverse-labelling procedure for white, black, and grey vertices. We do a white RLT and label 
the white vertices only (as they are traversed) with the labels 1,2, .. . ,pi. Similarly, we do 
a black RLT and label the black vertices only with labels 1, 2, . . . ,p2, and do a grey RLT to 
label the grey vertices only with labels 1, 2, ... ,^3. Next, we relabel the blocks (white, black, 
and grey) using the new indices from T': if a white vertex is labeled i in T and i' in T', we 
set vr^' = vrj*'*. Black and grey blocks are relabeled in a similar fashion. Let u^,v^ be the 
strings obtained by writing the elements of 7r|, 7r2, vTg respectively in increasing order. Denote 
u = v} ■ ■ ■ vP^ , V = ■ ■ ■ v^^, w = ■ ■ ■ w^^ the concatenations of the strings defined above. 
We define 9i G Sn by setting u as the first line and [n] as the second line of the two-line 
representation of this permutation. Similarly, we define the relabeling permutations 62 and 
^3 from V and w respectively. 

Example 5. Following up on Example\^ we construct the relabeling permutations 61,62, and 
63. We have: 



1236 \ ^_M345 
3 4 5 6/'^~ll 2 3 4 



13 4 6 
3 4 5 6 



We define the multisets (allow some elements to be repeated once i.e. when there are triangles 
in T'): 



Si = {6i{m\)r,L-,' U {^^{a2as{m'i))}T=l C 



n 



52 = {62{m'i)}fj,'u{62{a,'a,'asirnl))}f^^c[n-l], 

53 = {63{ml)}lt\' ^ {63ia^\m\))}t-i' C [n - 1]. 

Note that the sizes of the underlying sets of Si, S2, and 5*3 are pi +p2 — l — g,p2 +P3 — 1 — w, 
and pi + ps — 2 — b respectively. We use these multisets to double-label the cactus tree 
T with three types of labels: circle for ^i, square for 62, and rhombus for ^3. We assign 
{6i{m\),6s{a^^{m\))) to the white vertices indexed i in T', {6i{a20is{m'2)) , 62{m'2)) to the 
black vertices indexed j in T', and {62{a'^^a2^CK^{Tn^)),63{m^)) to the grey vertices indexed 
k in T'. The root vertex is only labeled n = 0i(mj'^). 

Let T" be the resulting double-labeled cactus tree. Note that labels (of the same type) of a 
vertex and its descendant are equal whenever the two vertices belong to a triangle rooted in 
another vertex. 
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Let Si (for i = 1,2,3) be the ordered multiset obtained by arranging the elements of Si in 
non-decreasing order (for i = 1, 2, 3). 

Lemma 2. Let d = {di,d2, ■ . . , dp^+p^^i) (d' = {d[, d'^^^p^), and d" = {d'(, d'^^^^.^_-^) 
resp.) be the ordered set of labels of the first type (second and third type resp.) obtained by 
traversing T' up to, but not including the root vertex according to the white RLT (black and 
grey RLT resp.) defined in section 3. We have: 

d = Si, d' = S2, d" = S3. 

Proof. Let 9i{m^) = 0. By construction, if a black vertex with label 0i{a2a3{m'2)) in T" 
is a descendant of a white vertex with label 6i{m\), 1 < i < pi, then a20i3{m'2) S ttI and 
a2a3{m'2) < Tn\. As 9i is increasing among the blocks and within them then: 

0i(m^i) < ei{a2a3{m'i)) < di{m{), 

where the latter is an equality when the white vertex i is the middle vertex of a triangle with 
black vertex j and rooted at the grey ancestor of vertex i. Now, if black vertices ji and j2 
(with labels 6i{a2a3{m'-2)) and 9i{a2a3(m'-2)) in T") are both descendants of the same white 
vertex, and ji is to the left of j2; then by construction we have 0203 ("i-'2^) < 0203 (m'2^). 
Again, since 9i is increasing within blocks of vri then 6i{a2a3{m'2^)) < 6i{a2Ci3{m''2)) . Fi- 
nally, the white RLT of the circle labels in T" (up to but not including the root) yields Si. 
Similarly, black and grey RLTs of the square and rhombus labels in T" yield 5*2 and S3. □ 

thorns: Recall the definition of d, d', and d" in Lemma [2| We add thorns to the white vertices 
for each missing element of [n] in d, and add thorns to black and grey vertices for each missing 
element of [n — 1] in d' and d", respectively. More specifically, we add n + 1— pi — p2 + g 
thorns to the white vertices, n—p2—p3 + w thorns to the black vertices, and n + l—pi—p3 + b 
thorns to the grey vertices of T" in the following fashion: We know that the vectors d, d', 
and d" are weakly increasing subsequences obtained by the RLTs of T". Below, we describe 
the rules for adding thorns to the white vertices. By convention, if the vertex is a root of a 
triangle we do not add thorns inside it. 

1. If di > 1 and the vertex with first label di is white, we connect di — 1 thorns to it. If 
the vertex with first label di is black, we connect di — 1 thorns to the ascending white 
vertex on its left. 

2. For 1 < I < pi + p2 — 1, '\i di > di-i + 1 we follow one of the four following cases: 

(a) di and di_i are both the first label of white vertices in T", white vertex di (short for 
vertex corresponding to di) has no black descendant and it is the white vertex following 
di-i in the white RLT of T". If so, we connect d; — — 1 thorns to di. 

(b) di is the first label of a black vertex and di-i is the first label of a white one, then 
black vertex di is the leftmost descendant of the white vertex following If so, we 
connect di — di^i — 1 thorns to the ascending white vertex of di on its left 

(c) di is the first label of a white vertex and di-i is the first label of a black one, then 
the black vertex di-i is the rightmost descendant of di. If so, we connect di — di-i — 1 
thorns to di on the right of di_i 

(d) Finally, if di and di^i are both the first label of black vertices, these two vertices 
have the same white ascending vertex. We connect di — di-i — 1 thorns to the ascending 
white vertex between these two black vertices. 
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1. if di > 1 



2. for 1 < / < pi + p2 - 1, if di > di^i + 1 



3. if dp^+p2-i < n 



di-l 



di 



O 

di-i 



di-i 



di O 



di • 



di- 



di-i 
di 



£ii-d;_l+l 



di 




(b) 



di- 




(d) 




ii-di_i+l di^i • • di 




n—d. 




d 



'P1+P2-1 



Table 3: Rules for adding thorns to white vertices in T". 

3. If dp^+p2-i < connect n — dp^+pj-i — 1 thorns to the root vertex on the right of 

its rightmost black descendant. 

We summarize these different cases in Tabled 

Again, we can think of this as adding a thorn to the the white vertices for each element of 
[n] not included in d. 

A similar construction is applied to add thorns to the black and grey vertices following the 
sequence of integers d' and d". Finally we remove all the labels to get the ordered bicolored 
thorn cactus tree f 

Example 6. Figure^ depicts the construction of the thorn cactus tree r corresponding to the 
partitioned cactus in Example^ 




Figure 6: Construction of the thorn cactus tree associated to Example [2] 
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The next two lemmas show that f preserves the type of the partitioned cacti, and that the 
double-labehed cactus T" can be recovered from f via white, black, and grey RLTs. 

Lemma 3. f as defined above belongs to CT{X, /i, v,g,w, b) where g, w, b are the number of triangles 
in f rooted in grey, white, and black vertices respectively. 

Proof. First we check that the thorns in f are not inside the triangles. In the case of the thorns 
added to the a white vertex i, we only need to consider the instance when i is the middle vertex of a 
triangle rooted on a grey vertex. This could apply to cases 2. (b) and (c) above. In the former, the 
thorns cannot be inside a triangle since the non-tree edge would be on the right of the black vertex 
labeled di (recall that in a triangle, the vertices are ordered clockwise as white-black-grey- white) . 
In the latter case, since the label di < di-i, then di is not the middle vertex of a triangle. A similar 
conclusion is reached by looking at the rules for adding thorns to black and grey vertices. 

Now, we check the vertex degrees of f. If we take two successive white vertices i — 1 and i 
according to white RLT of T" with labels 9i{m\~^) and 92{m\), (i < pi), a thorn is connected to i 
for any missing integer of the interval [9i{m\~^), 9i{m\) — 1] in d. This number of missing integers 
is equal to 9i{m\) — 1 — 9i{m\~^) — fi + £i where fi is the number of black descendants of i, and 
Ei is 1 if white vertex i is the middle vertex of a triangle and is otherwise. As i is not the root 
vertex, there is an edge between i and its ancestor so that the resulting degree deg for i (as defined 
in ((n])) is: 

deg{i) = fi + {9i{m{) - 1 - 9i{m'^-^) + + ! = 9i{m'^) - 9i{m'^-^), Vi G [pi - 1], (14) 



Furthermore, n — 9i{m^^ ) ~ fp thorns are connected to the root vertex (since = 0) so that: 

degipi) = n - 9iimP'~') (15) 

But, according to the construction of 9, 

9,{7rl) = [Oi{m\)] (16) 
9,{7r{) = [9,im{)] \ [9,im\~% (2 < i < p, - 1) (17) 

= N\[^i«-')] (18) 

Subsequently: 

de<7(i) = Ivril, Vi e [pi]. (19) 

And A = type{TT) is the white vertex degree distribution of f . In a similar fashion, // and u are the 
black and grey vertex degree distribution of f. □ 

Lemma 4. Assign circle labels 1,2, ... ,n to the vertices and the thorns connected to white vertices 
in f in increasing order according to the white RLT, add two other sets of labels 1,2, ... ,n (square 



and rhombus ) to the vertices and the thorns connected to black and grey vertices in increasing order 
according to the black and grey RLT. The double-labeling of the vertices is the same as in T" . 

Proof. According to the construction of f, we add thorns to T" when integers are missing in its 
RLTs so that the thorns would take these missing integers as labels when traversing the thorn 
cactus tree. As a result, the labels of the vertices in the RLTs of f are still d, d', and d" and since 
they still appear in the same order, we have the desired result. □ 
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3.2.2 The ordered set x smd the permutations ai and (T2 

(i) Ordered set x- We define the ordered set x = {^i(q^3("^3)) I ^ilo^sl^^a)) ^ 'S'llfcLi- Then, let 
p : [n] \ 5i h [n — l^il] be the indexing permutation associating to any integer z G [n] \ 5i its 
position in [n] \ S\ where [n] \ 5*1 is the ordered (increasing) set of [n] \ S\ . The ordered set 
X is defined as follows: 

X = Pix) (20) 
As |5i| = n - - 1) - ^(p) + g and \{ei{a^{n4))\e^{a^{m^^)) ^ Si}\ = l{v) - w - b, x 
belongs to the set 

(ii) Permutations cJi, cr2- Let and F be the following sets: 

E = [n]\m{m\)}^L-' U e,{as{ml))}ll-'), 

F = [n]\{e^ia2a,{m'i)}%, U 0i(a3(m§))}tV). 

We define partial permutations di and (72 in the following way: 

di: E ^ [n-l]\53 

<J2: F ^ [n-l]\S2 

u I—)- 92a^^a2^di^{u). 

Let o"! G S^+i-p^-pg+f, and (T2 G Sn-p2-p3+iu be the order isomorphic permutations corre- 
sponding to (Ji and (72 respectively. 

Example 7. Getting back to Example^ we have: x = (4) and x = (3). Computing the 
partial permutations leads to: 

■ 1 3 5 \ , / 3 1 



Finally: 

^1 = ' 2 3 1 j ' ^2 
3.3 Showing the map is a bijection 

To show that Q^^^, is a one-to-one correspondence we take any element (f, cri, (T2, x) in 

{T,(7i,a2,x) G CT{X,n,iy,g,w,b) x 5'„+i_£(a)_£(,.)+6 x S'„_£(^)_£(j,)+^ x O^^^^^i^^^lj^"^''^^^^'' 

and show that there is a unique element (tti, 7r2, tts, ai, 02) in C(A, /i, i/) such that 
®A,M,i^*^^i'^2,7r3,ai,a2) = (f, ai, (12, x)- Let pi = £(A), p2 = ^(//), and = ^(z^). We proceed 
with a two step proof: 

(i) The first step is to notice that (f, cti, (72, x) defines a unique unlabeled cactus tree r belong- 
ing to CT{pi,P2,P3, g,w,b), a unique multiset {5j}i<j<3, as well as a unique ordered set x 
belonging to OV^^^\j^^ v^+g) ^ Double labeling each vertex and thorns of r with 1, 2, . . . , n 
in increasing order according to the three reverse levels traversals and removing the three 
sets of thorns (together with their labels) gives a double-labeled cactus tree T" that leads 



^1 = I 4 5 3 j ' ^2 = V 1 2 



1 2 3 \ / 1 2 
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to r according to G. This double-labeled cactus tree is the unique one that can lead to r 
since within 0, r, and T" have the same underlying cactus tree structure r, and according 
to Lemma [4| r determines the labels of T". 

Then, using Lemma [2| the three series of labels (except the root's) in T" are by construction 
the three sets {/S'i}i<i<3. The knowledge of and x uniquely determines x- As a result, 
exactly one 7-tuple (r, ^i, 5*2, 5*3, o"i, (T2, x) is associated to (f, (Ji, (72, x) by the final steps of 
the mapping 0. 

(ii) The bijection 0n,pi,p2,P3 ™ [E] is identical to the first steps (up to the construction of 
r, 5*1, 5*2, ^s, (J2 and x) of ^^^y Therefore there is a unique 5-tuble (tti, 7r2, vrs, ai, 02) 
in C{pi,p2,P3,n) = U£(A)=pi/(At)=p2,^H=P3'^('^'^'^) mapped to (r, 5i, S'2, Ss, cJi, 0-2, x) by 
0n,pi,p2,P3 and equivalently by the first steps of ^. 

According to [I7j, the types of vri, 712, and tts are directly recovered from {Si}i<i<3 and r. 
Furthermore, using Lemma [3| the vertex degree distribution of f is equal to the type of the 
partitions encoded by the elements in {5i}i<i<3 corresponding to the relabeling of the maxi- 
mum elements of the blocks. Finally, as the vertex degree distribution in f is (A,/x, i^), so is 
the type of (vri, 7r2, vra). Therefore, (vri, 7r2, vra, oi, Q2) belongs to C(A,;U,i/) as desired. 



4 Proof of Proposition [2j computation of the number of thorn 
cactus trees 

In this section we prove Proposition[2]where we compute the cardinality of the set CT(A, /i, v, g, w, b). 
To do this, we consider its generating function F. The evaluation of F is performed thanks to the 
multivariate Lagrange inversion theorem (see e.g. [3 1.2.9]). We propose a recursive decomposition 
of the desired set of cactus trees sharing similar ideas with [6] . 

Assume that white, black, and grey vertices are marked respectively by indeterminates xi,X2 and 
3:3. Triangles rooted in a grey, white, and black vertex are marked respectively by 3:4, 2:5, and 
xq. Furthermore, ti,Uj, and Vk mark respectively white vertices of degree i, black vertices of 
degree j and grey vertices of degree k. Let t = {ti,t2, . . .), u = {ui,U2, . . .), v = {vi,V2, ■ ■ ■) and 
m(e) = (mi(e), m2{e), . . .) for e h n. As a direct consequence: 

\Cf{X, fi, g, w,b)\ = [xi^^^3:J''^xJ''^x^x^4t'"(^)u™(^)v™(^)] F (21) 

In a similar fashion as in f6], we introduce W, B, and G as the generating functions of the sets 
W, B, and G of non empty planted thorn cactus trees with respectively white, black, and grey root 
vertices. Construction rules for these sets of cactus trees are identical to those of CT{X, /j,, v, g, w, b) 
with the only exception that an additional planted edge is connected to the root vertex on the left of 
the leftmost descendant (vertex or thorn). We take this additional edge into account in the root's 
degree. Finally, let Tg, T^, and Tf, be respectively the generating functions of triangles rooted in a 
grey, white, and black vertices. Immediately: 

Tg = X4 (22) 
Tu, = X5 (23) 
Tb = xe (24) 

Any cactus tree in CT{\, fj-ji', g,w,b) can be decomposed in a tuple of planted trees in W, B, 
and G. The rule for the decomposition is based on the nature of the leftmost descendant of the 
white root in a given cactus tree r of CT{X, n, g, w, b): 
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(i) If the leftmost descendant is a thorn then r is equivalent to the cactus tree in W with the 
planted edge instead of this leftmost thorn. 

(ii) If the leftmost descendant is a black vertex v and v is not the middle vertex of a triangle, 
then r is equivalent to the pair {ti,T2) in W x B where T2 is the cactus tree descending from 
V with V as the root and the edge linking v to the root of r replaced by the planted edge. ti 
is the remaining cactus tree descending from the root of r with the edge linking it to v as the 
planted edge. 

(iii) If the leftmost descendant is a black vertex vi , and vi is the middle vertex of a triangle with 
grey vertex V2 then r is equivalent to the tuple (ti, r2, T3, t^,) in W x B x QxTT^ {TT^ is 
the singleton set composed of the triangle rooted in a white vertex) where T2 and T3 are the 
descending trees from vi and V2 with the edge linking r's root and vi and the edge linking vi 
and V2 replaced by a planted edge, ri is the remaining descending cactus tree from its root 
with the leftmost triangle replaced by the planted edge. 

One can check easily that the numbers of triangles, white, black, and grey vertices and their degree 
distribution are stable by the bijective transformation described above. The complicated case above 
is case (iii) where the edges linking vi and V2, and the edge linking the white root of r and V2 are 



replaced by nothing in (respectively) T2 and ri. However in the definition 11 of the degree of a 
vertex in r, these edges were already not taken into account for the degree of respectively vi and 
the root vertex. As a consequence : 



F = W + WB + WBGT^ 
This decomposition is illustrated in Figure [7| 



(25) 







} X{ 






} X{ 




}X{ }X{*n\} 



Figure 7: Illustration of the decomposition into planted trees 



17 



To determine F, we show that W, B, G, Tg^Tyj^ and Tf, satisfy a system of functional equations. 
Namely, as shown in Figure |8] any planted cactus tree in W, r can be decomposed in: 

• its white root, 

• the cactus trees rooted in a black vertex descending from the root, 

• a triple composed of a black rooted cactus tree, a grey rooted cactus tree, a triangle for each 
triangle descending from the root, 

• the positions of the triangles in the descendant list. 




Figure 8: Decomposition of a white rooted planted cactus tree 



Let i denote the degree of the root vertex (of degree i + 1), j the number of black descendants not 
belonging to a triangle and k the number of descending triangles. The vectors j and k give the 
positions of the j black vertices and k triangles within the i descendants. Using the decomposition 
above, we have: 

W = xiY,ti+i (26) 

0<i+fc<i j,k 



Then: 



Similarly, 



Finally : 



W 
W 



i>0 



i>0 0<j+k<i 



i+i a + B + BGT^ 



B^{BGT^f 



j>0 



xi^i{W,B,G,Tg,T^,n) 



B = X2Y^i+^0- + G + GWn)' 



i>Q 



G 



X2MW,B,G,Tg,T^,n) 
xsY^i+^i'^ + '^ + '^BTg) 

i>0 

X3MW,B,G,Tg,T^,n) 



(W, B, G, Tg, T^,Tb) = x*(PF, B, G, Tg,T^,Tb) 
where x = (xi, X2, X3, x^, x^, xq) and $ = ($i)i<j<6 with <I>i = 1 for 4 < i < 6. 



(27) 



(28) 

(29) 
(30) 
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Using the multivariate Lagrange inversion formula for monomials (see [T", 1.2.9]), we find : 



l<i<6 



0**0*0 

* * 

* * * 






where k = {ki, k2, k^, k4, k^, kg) and the sum is over all 6 x 6 integer matrices {fj-ij} such that: 

• /^ll = fl'li = /^16 = ^22 = /^24 = 
/^25 = ^33 = fJ'35 = = 

• /ijj = for i > 4 

• /^2i + ^J'3l = ki-ri 

• /^12 + /"32 = k2-r2 i.e. IJL-- 

• /^13 + /"23 = - ^-3 

• /i34 = A:4 

• /^15 = h-r5 

• /i26 = 

Looking for zero contribution terms in expression (31 ), we notice that G and have necessarily 
the same degree in the formal power series expansion of <I>i (see equation (27)). Hence, a non zero 
contribution of 

jp^/Jii^^»i2(-^Mi3 jtMw j-A^is j-Miej ^ki 

implies /^la = /iis = k^ — r^,. Similar remarks give non zero contributions only for ^21 = kg and 
Ai32 = ^4- As a result, only that one matrix ^ yields a non zero contribution. 
For this particular /i, 



1 



kik^k^ 



^ij kj fXij 



= ri (^2/03 - (A;3 - k5)k4) 

+ r2 {keks + {ke + n - ki){r3 + k4 - - k3)) 
+ ^^3 (^^4^6 - ^2(^6 + n - A;i)) 



1 



^4^5 ke 



-A(k,r) 



(32) 
(33) 



The next step is to notice that: 

shfei ^ ^ ^ 



j>0 



ai — 02, a2 



\a.2 



shfci ^ ^ j>0 ai,a2 

As a result, the coefficient in Wf"^^ Bi^^^Gf'^^Tl^^*Ttl;^''Tl^^'' is equal to 



shfci 



i>0 



k5 - r5, k2- k4- k5-r2 + 



(34) 



(35) 



Similarly, we have: 



[|^M21^M22(^M23 2^M24 2V^25 7^M26] ^te 



Eon-'i. 

sl-A;2 



«>0 



|^^M31^M32(^/J33 2^M34 2^A«35 2^A'36j ,^ 



EOn 

sl-A:2 



j>0 



Eiisi 
ke, ks - k5 - kQ - rs + 



k4, ki — ki — k^ — ri 



(36) 



(37) 
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Putting everything together gives: 

£iX)i{fi)i{iy) {miX)) \w - r^Jifj.) - g - w - + rr, 



X 



Vm(/i) J \b, l{v) - w - b - rs + 



''[m{-))[g,i{X)-9-b-rJ- ^^^^ 

Noticing that for eh n 

y^jmi+i{e) = + l)mi+i(e) - ^mi+i(e) = n- £{e) (39) 

j>0 i>0 i>0 

And summing for r G {(1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1)} gives the desired result. 

5 Proof of Corollary [l] and restriction of bijection O when u = [1"] 

We look more closely at the case when one of the partitions, say 1^, is [!"]. We need the following 
definitions: 

Definition 6 (Partitioned bicolored map). Given partitions X, fih n, let C{X, fi) be the set of triples 
{■Ki,TT2,a) such that a G Sn, vri,7r2 are set partitions of [n] with type{'Ki) = X and type{TT2) = 
and each block o/vri and 7:2 is a union of cycles of a and /3 = a~^^n respectively. The elements of 
C{X,fi) are called unicellular partitioned bicolored maps of type X and fi. Let C{X,fj,) = \C{X,fi)\. 

Definition 7 (Ordered rooted bicolored thorn trees). For X, fj, h n such that i{X) + < n + 
1, we define BT{X,n) as the set of ordered rooted bicolored trees with £{X) white vertices, l{pi) 
black vertices, n + 1 — ^(A) — (.{n) thorns connected to the black vertices and n + 1 — ^(A) — 
thorns connected to the white vertices. The white (respectively black) vertices' degree distribution 
(accounting the thorns) is specified by X (respectively n). The root is a white vertex. 

Again, adapting the Lagrange inversion developed in [6], we get: 

n {n - e{X)y.{n - £{fi))\ 



\BT{X,fi)\ 



Aut{X)Aut{ii) (n + 1 - e{X) - £{^)y. ^ ' 
We now prove Corollary 1: 

Proof. Since the blocks of tts refine the cycles of a^, if 1/ = [!"] then ir^ = {{!}, {2}, . . . , {n}} and 
03 = L, the identity permutation. So C{X,fi, [!"]) = C{X,ii), the number of unicellular partitioned 
bicolored maps of type A and /x. Then 

C(A,/i)mA(x)m^(y) = [min(z)] ^ k'^^^„px{x)pf,{y)p^{z) 

X,fi\—n X,fj,,u\—n 

= Y ^A,/.,l"PA(x)p^(y), 
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Table 4: Local rules for reducing cactus tree f when v = [1"]. 

and k"^ = k"^ ^. By the main theorem, the LHS of Equation ^ is the coefficient of mi"(z) of 
the RHS in Equation ([T]). Since the parameter g < n — = 0, then after some straightforward 
cancehations we get the desired RHS. □ 

Next, we say what the bijection of Theorem [2] does in this case {u = [1""]). This matches the 
bijection in [T3] which in turn matches the bijection in ^ when g(A, fi) = (there is an analogue 
of Remark [3] when £{\) + £{fi) = n + 1). 

Corollary 2. There is a bijection between partitioned bicolored maps C{X,fi,n) and pairs {t,a) 
where i e BT{\^) and a G Sn+i-t{\)-t{fi)- 

Proof. From above we have that C( A, ^, [1"]) =C(A,/u). Let (f, ai, (72, x) := ©(^ri, vr2, [1"], ai, aj^^7) 
for (7ri,7r2,ai) G C{X,fj,). We know that £{fi) = n forces Q3 = l, the identity permutation. In this 

case is the maximal element of a2^i7r2^)- But 0:2 preserves the blocks of 112, thus is just 

(7) (7) 

the maximal element of vTg , call this rrig • First, we show that in this case f can be reduced to a 
tree t G B'T{\,ii). Then, we show that o"i,(T2 are trivial permutations and that x can be regarded 
as a permutation in S'„_|_i_^(>,)_^(^). 

From the incidence rules in Table [l| we see that each black vertex j has \t:\\ descendants (one 
for each element of the block). And £{\) — 1 of the grey vertices have one descendant (one for 
each nif^ , 1 <i < 1{X) — 1), the other grey vertices have none. Recall w,b,g count the number 
of triangles in f rooted in white, black, and grey vertices respectively. From the rules in Table 
([2]) for adding triangles rooted at the different vertices, we see that w = And if a grey 

vertex has a white descendant, then these two vertices are part of a triangle rooted in a black 
vertex, so b = i{X) — 1. For triangles rooted in grey vertices, if a2("T'2^'*) = itT'i '^ for some i and j 
(1 < i < ^(A) — 1 and 1 < j < ^(/u)), then m^^^ G 112^ and tti^*^ < m2^ (02 preserves blocks of 712). 
But ai(mf)) < (ai preserves blocks of vri), so ^{im!:^'') < mj"'^ This only happens if mj''^ = n 
which means 1 = j{n) G vr^*^ and i = ^(A), a contradiction. Thus g = 0; there are no triangles 
rooted in a grey vertex. 

In terms of the thorns, the cactus f has n-\- 1 — i{X) — l{p) thorns connected to white vertices 
and since n — £{n) — £{u) + w = and n + 1 — i{X) — £{v) + 6 = 0, f has no thorns connected to 
black and grey vertices. 

From above we see that each grey vertex is either: (i) a middle vertex of a triangle rooted in 
a black vertex, (ii) a vertex of a triangle rooted in a white vertex, and (iii) a leaf (note that there 
are n — — 1) — ^(/i) of these). Then depending on the case we do the following reductions: 
(i) triangle by the non-tree edge, (ii) triangle by the edge between the white root and the black 
middle vertex, and (iii) leaf by thorn connected to a black vertex. We summarize this reduction 
graphically in Table |4j 

The outcome is an ordered bicolored tree t with ^(A) white vertices and £(/x) black vertices. 
This tree t has n + 1 — — thorns connected to white vertices and tt. + 1 — ^(A) — thorns 
connected to black vertices. Moreover, this reduction f — )■ t is reversible. 



21 



In addition, since f had no thorns connected to black and grey vertices (n+1 — i'(A) — = 
and n — i{fj,) — i{u) + w = 0), then ai and (T2 are trivial permutations. Since l{u) — w — b = 
n + 1 — £{X) — £{n) = n + 1 — £(X) — + g, then we see that x is just a permutation a in 

Sn+l-i{\)-t{iJ.)- 

In summary, we have a bijection from (A, /x, n) to the desired pair {t, a). □ 

Example 8. As an example, let ax = (189 10)(25)(3467), 02 = (15427)(3)(6)(8)(9)(10), as = i 
(aia2 = tW; and vn = {{3, 4, 6, 7}, {1, 2, 5, 8, 9, 10}}, 7T2 = {{1, 2, 4, 5, 7, 10}, {3, 9}, {6, 8}} , ttj = 
{{1}, {2}, . . . , {10}}. T/ien 0(7ri, 7r2, TTs, ai, 02) = (f, 0, 0, 251364) where f and its reduction t are 
depicted below: 




Figure 9: Example of restriction of thorn cactus tree to a bicolored thorn trees when u = [1^°]. 
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